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Stimulated by the experimental realization of spin-dependent tunneling via gradient magnetic
field [Phys. Rev. Lett. 111, 225301 (2013); Phys. Rev. Lett. 111, 185301 (2013)], we investigate
dynamics of Bloch oscillations and Landau-Zener tunneling of single spin-half particles in a periodic
potential under the influence of a spin-dependent constant force. In analogy to the Wannier-Stark
system, we call our system as the Wannier-Zeeman system. If there is no coupling between the two
spin states, the system can be described by two crossing Wannier-Stark ladders with opposite tilts.
The spatial crossing between two Wannier-Stark ladders becomes a spatial anti-crossing if the two
spin states are coupled by external fields. For a wave-packet away from the spatial anti-crossing,
due to the spin-dependent constant force, it will undergo spatial Landau-Zener transitions assisted
by the intrinsic intra-band Bloch oscillations, which we call the Bloch-Landau-Zener dynamics. If
the inter-spin coupling is sufficiently strong, the system undergoes adiabatic Bloch-Landau-Zener
dynamics, in which the spin dynamics follows the local dressed states. Otherwise, for non-strong
inter-spin couplings, the system undergoes non-adiabatic Bloch-Landau-Zener dynamics.
PACS numbers: 37.10.Jk, 32.60.+i, 03.75.Lm
I. INTRODUCTION
The dynamics of a particle in a periodic potential un-
der the action of an additional constant force is a tradi-
tional and fundamental problem [1–4]. Two most elemen-
tary quantum transport phenomena in this fundamental
problem are intra-band Bloch oscillations [5] and inter-
band Landau-Zener (LZ) tunneling [6]. Due to combi-
nation of the periodic potential and the constant force,
the system consists of a series of equidistant energy lev-
els, now called Wannier-Stark (WS) ladders [7]. In addi-
tion to the traditional systems of electrons in solid crys-
tals [8–11], this fundamental problem has been investi-
gated by using several other systems, such as the sys-
tems of photons in waveguide arrays [12–15], cold atoms
in optical lattices [16–21]. In particular, attribute to the
well-developed techniques of manipulating and detecting
cold atoms in optical lattices, there continuously emerges
new research interests on this traditional and fundamen-
tal problem [22–24]. For a weak constant force, the dy-
namics of Bloch oscillations can be analyzed by using
single-band and tight-binding approximations [25, 26].
However, if the constant force is strong enough, tun-
neling effects between different Bloch bands could not
be neglected and the dynamics should be described with
coherent superpositions of intra-band Bloch oscillations
and inter-band LZ tunneling [27? , 28]. Although the
WS systems of spinless particles have been studied ex-
tensively, there is few report on the WS systems with
spin-dependent tilts and inter-spin couplings [29], which
is called the Wannier-Zeeman (WZ) systems in this arti-
∗Corresponding author. Email: chleecn@gmail.com
cle.
The simplest WZ system, which has a spin- 12 par-
ticle in a periodic potential under the influence of a
spin-dependent constant force, can be regarded as two
crossing WS systems with opposite tilts. Recently, spin-
dependent tunneling and spin-orbit coupling of ultracold
atoms in optical lattices have been experimentally real-
ized by applying a gradient magnetic field [30–32]. Due to
the opposite magnetic dipole moments for the two atomic
spin states, their Zeeman energy offsets are also oppo-
site. In these experiments [30–32], the two atomic spin
states are not coupled, so the system can be regarded as
two independent WS systems of opposite tilts. In such
a WZ system, besides intra-band Bloch oscillations and
inter-band LZ tunneling in the same spin component, it is
possible to find novel dynamics between two spin compo-
nents, such as LZ tunneling between two spin states. To
observe such a kind of LZ tunneling between spin states,
one has to introduce a coupling between spin states. It
naturally arises two open questions: (i) how the coupling
between spin states affects Bloch oscillations? and (ii)
how Bloch oscillations affect the LZ tunneling between
spin states?
In this article, we study Bloch oscillations and LZ tun-
neling of a coupled two-level atom in a one-dimensional
(1D) optical lattice under the influence of a gradient mag-
netic field. By using the experimental techniques for sim-
ulating two-dimensional (2D) lattice models with spin-
dependent tunneling [30–32], our model can be realized
by reducing their 2D optical lattices to 1D ones. If the
magnetic field gradient is not very strong, the tunneling
between neighboring lattice sites is not suppressed and
there is no need to induce additional Raman lasers to
assist tunneling between neighboring lattice sites. The
two internal spin states can be coupled by laser fields
and the coupling strength can be modulated by adjusting
2the laser strengths. The coupling between two internal
states opens the crossing of two WS systems correspond-
ing to the two internal states, and so spatial LZ tunnel-
ing between internal states may occur when the atom
passes through the anti-crossing region. We explore the
novel inter-spin LZ tunneling induced by the intrinsic
intra-band Bloch oscillations. Dependent on the inter-
spin coupling strength, the system show adiabatic and
non-adiabatic Bloch-Landau-Zener dynamics for strong
and non-strong couplings, respectively. In the adiabatic
Bloch-Landau-Zener dynamics, the spin dynamics fol-
lows the local dressed states and the wave-packet under-
goes joint Bloch-like oscillations of the two spin compo-
nents. In the non-adiabatic Bloch-Landau-Zener dynam-
ics, the spin dynamics could not follows the local dressed
states and the two spin components undergo separate
Bloch oscillations.
This article is constructed as follows. In Sec. I, we
briefly introduce the background and our motivation. In
Sec. II, we describe the physical model and simplify the
original Hamiltonian under the single-band tight-binding
approximation. In Sec. III, we solve the eigenvalue prob-
lem and discuss the WZ states and the WZ ladders. In
Sec. IV, we explore the dynamics of Bloch oscillations and
LZ tunneling for different coupling strengths. In Sec. V,
we summarize our results and discuss the validity of the
single-band tight-binding approximation.
II. MODEL
We consider a 87Rb atom in a 1D optical lattices.
The atom may occupy two possible hyperfine spin states
|↑〉 ≡ |f = 2,mf = 2〉 and |↓〉 ≡ |f = 2,mf = −2〉 (or
another pair of suitable hyperfine spin states with op-
posite magnetic dipole moments) which are coupled
by lasers/microwaves. Similar to the creation of spin-
dependent tunneling [30–32], a magnetic field gradient
is applied to generate the spin-dependent constant force
along the optical lattice direction, taking as z direction.
Such a system obeys the following Hamiltonian,
Hˆ = Hˆ0 + Hˆt + Hˆc, (1)
with
Hˆ0 =
(
− ~22M d
2
dz2 + V (z) 0
0 − ~22M d
2
dz2 + V (z)
)
,
Hˆt =
(
Fmf z 0
0 −Fmf z
)
, Hˆc =
(
0 ~Ω2
~Ω
2 0
)
.
The term Hˆ0 describes the spin-independent motions,
in which, V (z) = V02 cos (2κ0z) is a periodic potential
formed by standing-wave lasers [33, 34], M is the atomic
mass, V0 is the potential depth proportional to the laser
intensity, and κ0 = 2π/λ is the laser wave vector. Obvi-
ously, the periodic potential has a period d = λ/2 deter-
mined by the laser wavelength λ. The term Hˆt denotes
the spin-dependent tilts induced by the Zeeman shifts of
a gradient magnetic field [35]. The term Hˆc characterizes
the coupling between two hyperfine spin states, where Ω
is the coupling strength.
The Zeeman energy for an atom in |f,mf 〉 is given
as EZeeman(z) = −gfmfµBBz with the Lande´ factor gf ,
the z-component magnetic quantum numbermf , and the
Bohr magneton µB. Because the two spin states have
opposite magnetic quantum numbers mf , the two Zee-
man energies form a symmetric spatial ‘scissor-like’ struc-
ture, see Fig. 1. Therefore, the spin-dependent constant
force is ~Fmf = − ddzEZeeman(z)~ez = gfmfµBB~ez with
the unit vector ~ez along z-direction and the amplitude
Fmf = |~Fmf |. Due to the coupling between spin states,
the spatial ‘scissor-like’ crossing structure is opened and
becomes an anti-crossing structure.
FIG. 1: (Color online) Schematic diagram of the Wannier-
Zeeman system. A spin-up/down atom feels positive/negative
Zeeman gradient potential (blue dashed lines). The coupling
between two spin states opens the spatial crossing of the two
Zeeman energies (blue solid lines), where LZ tunneling may
happen when the atom passes the avoided crossing region.
The 1D optical lattice potentials are modified by the Zeeman
energies and the coupling (black solid lines).
A. Single-band tight-binding Hamiltonian
For a deep lattice potential with a weak spin-dependent
force, the tunneling between different bands can be ne-
glected and one can apply single-band and tight-binding
approximations to our WZ system (see Appendix A).
Thus the system obeys the single-band tight-binding
3Hamiltonian,
Hˆ = Fmf dσˆz
∑
j,s
j |j, s〉 〈j, s|+ ε
∑
j,s
|j, s〉 〈j, s|
+∆
∑
j,s
(|j, s〉 〈j + 1, s|+ h.c.)
+
~Ω
2
∑
j
(|j, ↑〉 〈j, ↓|+ h.c.) . (2)
Here, |j, s〉 is the Wannier basis localized in the j-th
site (in which s indexes the spin state), d is the dis-
tance between two neighbour sites, ∆ denotes the hop-
ping strength and ε the on-site energy (which can be
neglected in our calculation). Obviously, the first term
of Hamiltonian (2) is the tilts caused by the gradient
magnetic field. For spin states of opposite magnetic mo-
ments, their corresponding energy tilts are also opposite.
The last term describes the coupling between two spin
states.
Using the Fourier transformation
|q, s〉 =
√
d
2π
+∞∑
j=−∞
|j, s〉 eiqjd, (3)
and the two-component Bloch representation for the
quasi-momentum space, as the periodic boundary con-
ditions request q ⇔ q+2π/d for the quasi-momentum q,
one can obtain the Hamiltonian,
Hˆ(q) =
(
H+d
~Ω
2
~Ω
2 H
−
d
)
, (4)
with
H+d =
[
2∆ cos(qd) + iFmf
∂
∂q
]
,
H−d =
[
2∆ cos(qd)− iFmf
∂
∂q
]
.
B. Energy band structure for the field-free system
For the field-free system (Fmf = 0 and Ω = 0), the
Hamiltonian is spin-independent, we have
E (q) = 2∆cos (qd) , (5)
which indicates that the dispersion relations for spin-
up and spin-down atoms are the same. In Fig. 2, we
show the dispersion relation of the field-free system (i.e.
the spin-independent Hamiltonian Hˆ0). We have com-
pared the band structures of the original Hamiltonian
and the corresponding single-band tight-binding Hamil-
tonian. It shows that, for the lattice depth V0 = 1.8Er =
~
2κ20/(2M), the first band of the original Hamiltonian
almost overlaps with the one of the tight-binding Hamil-
tonian for the first band. This means that the tight-
binding approximation is valid for such a deep optical
lattice potential.
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FIG. 2: (Color online) Band structure for the field-free sys-
tem. The solid lines are the first two bands for the orig-
inal Hamiltonian hˆ0 with the lattice depth V0 = 1.8Er =
~
2κ20/(2M). The dash line is the energy band for the cor-
responding single-band tight-binding Hamiltonian (4) with
∆ = −0.1497Er and µ = 0.1635Er calculated from formu-
lae (A12).
III. EIGENVALUE PROBLEM AND
WANNIER-ZEEMAN STATES
The stationary behavior of a quantum system can be
obtained by solving its eigenvalue problem. For our
single-band tight-binding Hamiltonian (4), its ν-th eigen-
value Eν (ν is the eigenstate quantum number) and
eigenfunctions ϕν(q) ≡ (ϕν,↑(q), ϕν,↓(q))T (T denotes the
transpose of matrix) are given by the coupled first-order
differential equations,
2∆ cos(qd)ϕν,↑ + iFmf
dϕν,↑
dq
+
~Ω
2
ϕν,↓ = Eνϕν,↑, (6)
2∆ cos(qd)ϕν,↓ − iFmf
dϕν,↓
dq
+
~Ω
2
ϕν,↑ = Eνϕν,↓. (7)
Obviously, the eigenfunctions are periodic functions sat-
isfying ϕν,s(q) = ϕν,s(q+2π/d). To simplify Eqs. (6) and
(7), we introduce the following transformation,
ϕν,↑(q) = e
+i
d0
d
sin qdϕ˜ν,↑(q), (8)
ϕν,↓(q) = e
−i
d0
d
sin qdϕ˜ν,↓(q), (9)
with d0 = 2∆/Fmf < 0. Substitute Eqs. (8)-(9) into
Eqs. (6)-(7), we obtain
+ iFmf
d
dq
ϕ˜ν,↑ +
~Ω
2
e−i2
d0
d
sin qdϕ˜ν,↓ = Eνϕ˜ν,↑, (10)
−iFmf
d
dq
ϕ˜ν,↓ +
~Ω
2
e+i2
d0
d
sin qdϕ˜ν,↑ = Eνϕ˜ν,↓. (11)
4The trial solutions of ϕ˜ν,↑(q) and ϕ˜ν,↓(q) can be expanded
as Fourier series
ϕ˜ν,↑ =
+M∑
m=−M
Aν,me
−iqmd, (12)
ϕ˜ν,↑ =
+M∑
m=−M
Bν,me
iqmd, (13)
where M is the truncation of the Fourier series. Sub-
stitute Eqs. (12)-(13) into Eqs. (10)-(11), one can find
that the coefficients Aν,m and Bν,m obey the recurrence
relations,∑
m
~Ω
2
(−1)m+m′Jm+m′(−2d0
d
)Bν,m
+m′Fmf dAν,m′ = EνAν,m′ , (14)
∑
m
~Ω
2
(−1)m+m′Jm+m′(−2d0
d
)Aν,m
+m′Fmf dBν,m′ = EνBν,m′ , (15)
where Jm+m′(−2 d0d ) are the Bessel functions of the first
kind. The eigenvalues Eν and the coefficients Aν,m, Bν,m
can be obtained by solving the Eqs. (14)-(15).
Using the Fourier transformation, one can find the
eigenstates in the Wannier representation,
φν,↑(j) =
∫ pi
d
−pi
d
dq 〈j, ↑ | q, ↑〉 〈q, ↑ | ϕν〉
=
∑
m
Aν,md
2π
∫ pi
d
−pi
d
dq ei[q(j−m)d+
d0
d
sin(qd)]
=
∑
m
Aν,mJj−m
(
−d0
d
)
, (16)
and
φν,↓(j) =
∑
m
Bν,mJj+m
(
d0
d
)
. (17)
Here Jj−m(−d0/d), Jj+m(d0/d) are the Bessel func-
tions. If |d0/d| is sufficiently small, the Bessel functions
Jj−m(−d0/d) and Jj+m(d0/d) well localize in the lattice
sites of m+ d/d0 < j < m− d/d0 and −m+ d/d0 < j <
−m− d/d0, respectively.
Thus, the eigenstates for the system in the two-
component Wannier basis can be written as,
|ψν〉 =


∑
j
φν,↑(j) |j, ↑〉∑
j
φν,↓(j) |j, ↓〉

. (18)
In the coordinate space, the eigenfunctions is given by
ψν(z) = 〈z | ψν〉 =
(
ψν,↑(z)
ψν,↓(z)
)
=


∑
j
φν,↑(j)wj(z)∑
j
φν,↓(j)wj(z)

 ,
where wj(z) = wj,s(z) = 〈z | j, s〉 is the j-th Wannier
functions of the lowest band. To explore how the inter-
spin coupling strength Ω affects eigenfunctions, we cal-
culate eigenfunctions for different values of Ω by using
the numerical methods in Ref. [36, 37]. In Fig. 3, we
show the 112-th eigenstate in the coordinate space for
different values of Ω. The Fourier series are truncated at
M = 50 and the parameters are chosen as ∆ = −0.15Er,
Fd = Er, and ~Ω = (0, 5Er, 10Er). The eigenstates in-
herit the symmetry of the Hamiltonian. If the inter-spin
coupling is absent (i.e. ~Ω = 0), the spin-up component
localizes at l = +5 while the spin-down component sym-
metrically localizes at l = −5, see Fig. 3 (a). Due to
the inter-spin coupling, the spin-up and spin-down com-
ponents are mixed with each other and the mixing be-
comes more significant when Ω increases, see Fig. 3 (b)
for ~Ω = 5Er and Fig. 3 (c) for ~Ω = 10Er.
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FIG. 3: (Color online) Wannier-Zeeman states for different
inter-spin coupling strengths: (a) ~Ω = 0, (b) ~Ω = 5Er
and (c) ~Ω = 10Er. The blue solid lines and red dashed
lines correspond to the spin-up and spin-down components,
respectively. The parameters are chosen as M = 50, ∆ =
−0.15Er, Fd = Er.
For the case of Ω = 0, the spin-up component and
the spin-down component are decoupled and so that the
eigen-problem can be described by the following two in-
dependent equations,
2∆ cos(qd)ϕ↑ + iFmf
dϕ↑
dq
= Eϕ↑, (19)
2∆ cos(qd)ϕ↓ − iFmf
dϕ↓
dq
= Eϕ↓. (20)
The eigenvalues for the above two equations form two
5independent WS ladders,
En,↑ = nFmfd, (n = 0,±1,±2, ...), (21)
En′,↓ = n
′Fmf d, (n
′ = 0,±1,±2, ...), (22)
which respectively correspond to two different series of
WS states for the spin-up and spin-down components
[25, 26],
ϕn,↑(q) =
√
d
2pi exp
[−iqnd+ i d0
d
sin(qd)
] (1
0
)
, (23)
ϕn′,↓(q) =
√
d
2pi exp
[
+iqn′d− i d0
d
sin(qd)
] (0
1
)
.(24)
The stable states, which have time-independent probabil-
ity distributions, can be arbitrary superpositions of the
WS states (23) and (24),
ϕn,n′ = Aϕn,↑(q) +Bϕn′,↓(q), (25)
which read as
|ψn,n′〉 =

A
∑
j
Jj−n
(− d0
d
) |j, ↑〉
B
∑
j
Jj+n′
(
+ d0
d
) |j, ↓〉

 ,
in the two-component Wannier representation.
Here, the complex coefficients A and B satisfy the nor-
malization condition |A|2 + |B|2 = 1. When the lat-
tices are sufficiently deep or gradient magnetic field is
sufficiently strong, the spin-up component is localized
at n-th site and the spin-down component is localized
at (−n′)-th site. Due to absence of inter-spin coupling,
both spatial distributions and spin degrees of freedom
of these stable states will not change with time. The en-
ergy expectations for these stable states are given as E¯ =
|A|2En,↑+|B|2En′,↓ and the corresponding uncertainties
read as ∆E =
√
〈Hˆ2〉 − 〈Hˆ〉2 = |AB(En,↑ − En′,↓)|. If
and only if A = 0 or B = 0 or n = n′, the uncertainty
∆E = 0 and the corresponding stable state becomes an
eigenstate for the uncoupled system.
IV. DYNAMICS OF BLOCH OSCILLATIONS
AND LANDAU-ZENER TUNNELING
In this section, we consider the dynamics of a spin-half
particle passing the spatial anti-crossing formed by the
spin-independent tilted optical lattices and the coupling
between two spin states. In particular, we will discuss
how the inter-spin coupling affects Bloch oscillations and
how Bloch oscillations induce inter-spin LZ tunneling.
Different from the inter-band LZ tunneling in a WS sys-
tem of a spinless particle, which is induced by the tilt, the
inter-spin LZ tunneling in our WZ system is caused by
the joint effects of the inter-spin coupling and the Bloch
oscillations.
An arbitrary state for Hamiltonian (2) can be ex-
panded as a linear superposition of Wannier states for
different lattice sites,
|ϕ (t)〉 =
(∑+N
j=−N cj,↑(j) |j, ↑〉∑+N
j=−N cj,↓(j) |j, ↓〉
)
. (26)
If the hopping strength ∆ is very small compared to the
Rabi frequency Ω and the nearest neighbouring energy
jump Fmf d, one can approximately decouple the corre-
lation between different lattice sites by ignoring the hop-
ping terms. Thus, the subsystem for the j-th lattice site
can be described by the following Hamiltonian matrix,
Hˆj =
(
+Fmfdj
~Ω
2
~Ω
2 −Fmfdj
)
, (27)
with two eigenvalues,
Ej,± = ±Γj , (28)
for two dressed states,
ψj,+ =


√
Γj+Fmf dj√
2Γj√
Γj−Fmf dj√
2Γj

 , ψj,− =


−
√
Γj−Fmf dj√
2Γj√
Γj+Fmf dj√
2Γj

 . (29)
Here Γj =
√(
Fmf dj
)2
+ (~Ω/2)
2
. The eigenvalue set
{Ej,+, Ej,−} form two spatial energy ladders: the up-
per V -shape ladder and the lower Λ-shape ladder. The
WZ ladder (21) corresponds to asymptotes of these two
ladders. In the region far away from the spatial anti-
crossing, where
∣∣Fmf dj∣∣≫ ~Ω2 , the eigenvalues can be ap-
proximately given as the WZ ladders (21). Correspond-
ingly, the dressed states can be approximately written
as
ψj,+ ≈ ϕj,↑, ψj,− ≈ ϕj,↓ if j → +∞,
ψj,+ ≈ ϕj,↓, ψj,− ≈ −ϕj,↑ if j → −∞. (30)
Naturally, in addition to the bare Wannier basis
{|j, ↑〉 , |j, ↓〉}, one may use the dressed Wannier basis
{|j,+〉 , |j,−〉} to analyze the dynamics of the WZ sys-
tem.
In the bare Wannier basis, the dynamics obeys the
time-dependent Schro¨dinger equation
i~
∂
∂t
ϕ(t) = Hˆϕ(t), (31)
with Hˆ given by Eq. (2). For simplicity, we assume that
the system is prepared in spin-up state with a Gaussian
spatial distribution, that is,{
cj,↑ (0) = f exp
(
− (j−j0)22σ2 + iq0jd
)
,
cj,↓ (0) = 0.
(32)
Here f is a normalization factor, j0 is the wave-packet
center, σ is the standard deviation of Gaussian wave-
packet, q0 denotes the initial quasi-momentum. Below,
6for different coupling strengths Ω, we show the time-
evolution dynamics of the initial state (32). In our calcu-
lations, the other parameters are chosen as ∆ = −0.15Er,
Fmf d = 0.01Er, j0 = 45, σ = 5 and q0 = 0.
A. Bloch oscillations
If the inter-spin coupling is absent or sufficiently weak,
the coupling effects can be neglected. Similar to the case
of spinless particles [25], the dynamics in the uncoupled
WZ system can be analytically described. In the first
Brillouin zone |q| ≤ π/d, the quasi-momentum q obeys
the following acceleration relation
q(t) = q0 ∓
Fmf t
~
. (33)
Here, the symbols “−” and “+” correspond to spin-up
and spin-down components, respectively. Because the
spin-up atom and the spin-down atom feel opposite con-
stant forces, they are accelerated toward opposite direc-
tions. Once a wave-packet reaches the boundary of the
first Brillouin zone, it will reenter the first Brillouin zone
from the other side. Consequently, the group velocity
vg =
1
~
∂E(q)
∂q
changes its direction at the boundary and
the wave-packet undergoes Bloch oscillations of period
TB = 2π~/
(
Fmf d
)
. In Fig. 4 (a) and (c), we show the
Bloch oscillations in the uncoupled WZ system. Due to
the tilt induced by the magnetic field gradient, periodic
oscillations appear in the total probability distribution,
P (j, t) = P↑(j, t) + P↓(j, t). (34)
Here Pα(j, t) = |〈j, α|ϕ(t)〉|2 is the probability of finding
the particle in the Wannier state |j, α〉 at time t. By using
the Fourier transformation (3), one can obtain the total
probability distribution in the quasi-momentum space,
P (q, t) = P↑(q, t) + P↓(q, t). (35)
with Pα(q, t) = |〈q, α|ϕ(t)〉|2 denoting the probability of
finding the particle in |q, α〉 at time t. Because there is
no coupling between the two spin states, the dynamics
of the spin-up component and the one of the spin-down
component are independent and so that the uncoupled
WZ system can be understood as two independent WS
systems with opposite tilts.
Furthermore, we find that perfect Bloch oscillations
may also appear in the region far from the spatial anti-
crossing in the WZ system of significant inter-spin cou-
pling. This is because that the large energy gap between
two spin states in that region inhibits the spin population
transfer even there is significant inter-spin coupling.
B. Bloch-Landau-Zener dynamics
In the WZ system with inter-spin coupling, the spatial
crossing between the two WS systems for the two spin
0 1
0
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FIG. 4: (Color online) Bloch oscillations (left column) for
~Ω = 0 and adiabatic BLZ dynamics (right column) for ~Ω =
0.2Er. The total spatial probability distributions P (j, t) for
the Bloch oscillations and the adiabatic BLZ dynamics are
shown in (a) and (b), respectively. The corresponding total
quasi-momentum probability distributions P (q, t) are shown
in (c) and (d). The other parameters are chosen as ∆ =
−0.15Er, Fmf d = 0.01Er and j0 = 45.
components becomes an anti-crossing. The spin dynam-
ics of a particle across the spatial anti-crossing depends
on the gap of the spatial anti-crossing and the inter-spin
LZ tunneling may take place. In particular, Bloch os-
cillations and inter-spin LZ tunneling may mix together.
We name such a type of dynamics of mixed Bloch oscilla-
tions and inter-spin LZ tunneling as Bloch-Landau-Zener
(BLZ) dynamics. Different from the Bloch-Zener tran-
sitions between two different energy bands around the
boundary of Brillouin zones [27, 28], our BLZ dynamics
involves only a single energy band and happens between
local dressed states around the spatial anti-crossing re-
gion. Here, we will study the BLZ dynamics and derive
an analytical formula for the inter-spin LZ transition in
our BLZ dynamics.
In our WZ system, the spatial anti-crossing region is
around the center (l = 0), where inter-spin LZ transitions
may happen. Therefore, the BLZ dynamics appear if
the Bloch oscillations pass through the center. Due to
the two spin components have opposite group velocities,
the BLZ dynamics may appear if a fully spin-polarized
particle is initially situated in the right/left region not
far away from the center. Without loss of generality, as
an example, we consider a spin-up particle in the right
region (j0 > 0) and the initial velocity is zero (q0 = 0).
The group velocity of the wave-packet is given by
vg =
1
~
∂E(q)
∂q
=
2∆d
~
sin
(
Fmf d
~
t
)
. (36)
By integrating the group velocity over time, the position
7of the wave-packet is given as
jd = j0d+
∫ t
0
vg(τ)dτ
= j0d− 2∆
Fmf
[
cos
(
Fmf d
~
t
)
− 1
]
.
(37)
The appearance of BLZ dynamics requires jd ≤ 0 at
some time t, thus the occurrence condition for the BLZ
dynamics reads as
j0d ≤ Dpi = − 4∆
Fmf
. (38)
Here, Dpi = − 4∆Fmf is the populating interval of Bloch
oscillations [25]. If the initial distance from the wave-
packet to the center is larger than Dpi, the wave-packet
will mainly undergo Bloch oscillations and there is no
significant inter-spin LZ transitions. Otherwise, if the
initial distance is smaller than Dpi, significant inter-spin
LZ transitions take place when the particle goes through
the anti-crossing region.
According to Eq. (37), given jd = 0, one can obtain the
occurrence times for the first inter-spin LZ transitions,
t1 =
TB
2π
arccos
(
j0Fmf d
2∆
+ 1
)
. (39)
Making a Taylor expansion of jd around the time t1 and
keeping the linear term, one has
jd =
2∆d
~
sin
(
Fmf d
~
t1
)
t′ +O(t′2) = v1t′, (40)
where v1 =
2∆d
~
sin
(
Fmf d
~
t1
)
and t′ = t − t1. Substi-
tuting Eq. (40) into Eq. (27), one gets an instantaneous
Hamiltonian for the first inter-spin LZ transition,
Hˆ(t′) =
(
+Fmf v1t
′ ~Ω
2
~Ω
2 −Fmf v1t′
)
. (41)
Applying the conventional LZ formula for a two-level
system [38], the transition probability from dressed-‘+’
states to dressed-‘-’ states in the first LZ transition is
given as
P1,+→− = exp
(
−π (~Ω)
2
4~
∣∣Fmf v1∣∣
)
. (42)
It clearly shows that the transition probability P1,+→−
tends to 0 when the inter-spin coupling strength ~Ω →
∞. Similarly, the transition probability for the second
LZ transition can be given analytically.
1. Adiabatic dynamics
In the strong coupling regime, the gap between the spa-
tial anti-crossing is large and the internal spin dynamics
undergoes adiabatic evolution along the dressed states.
Due to the large gap, the local energy levels can be ap-
proximately given as the WZ ladders (21). We consider
an initial state (32) center around j0 = 45, which satisfies
the condition 0 < j0d < Dpi for the BLZ dynamics. In
Fig. 4, we show the time-evolution of the total probability
distribution for the Bloch oscillations and the BLZ dy-
namics. Surprisingly, the total probability distribution of
the WZ system still undergo oscillations similar to Bloch
oscillations.
To understand how inter-spin population transfer oc-
curs in our WZ system, we calculate the time-evolution
of two spin components. In Fig. 5, we show the time-
evolution of Pα(j, t) = |〈j, α|ϕ(t)〉|2 and Pα(q, t) =
|〈q, α|ϕ(t)〉|2. The time-evolution includes three types
of dynamical processes: (i) Bloch oscillation of the spin-
up component in the right region (0 < jd < Dpi) away
from the anti-crossing region around j = 0, (ii) spin in-
version during the anti-crossing region, and (iii) Bloch
oscillation of the spin-down component in the left region
(−Dpi < jd < 0) away from the anti-crossing region.
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FIG. 5: (Color online) Spin dynamics under strong inter-spin
coupling. Top: The spatial dynamics of the spin-up compo-
nent (a) and the spin-down component (b). Bottom: The
quasi-momentum dynamics of the spin-up component (c) and
the spin-down component (d). The parameters are chosen as
the same ones for Fig. 4 (b).
As the initial state is a spin-up wave-packet in the right
region away from the anti-crossing region, according to
Eqs. (32) and (33), the dynamics is firstly dominated by
the Bloch oscillation of the spin-up component and the
wave-packet moves toward the anti-crossing region. In
the anti-crossing region, due to the strong inter-spin cou-
pling, spin inversion takes place, that is, the spin degree
of freedom changes from |↑〉 to |↓〉. As the spin inver-
sion process does not alter the wave-packet velocity, the
wave-packet continuously moves toward the left region
after the spin population inversion. In the left region
8away from the anti-crossing region, the dynamics is dom-
inated by the Bloch oscillation of the spin-down compo-
nent and the quasi-momentum continuously varies from
the negative maximum to the positive maximum. Af-
ter the spin-down component changes its group velocity
direction, the wave-packet moves back toward the anti-
crossing region and the spin inversion takes place again
in the anti-crossing region. Then the wave-packet moves
in the right region and the dynamics is again dominated
by the Bloch oscillation of the spin-up component and
the quasi-momentum continuously varies from the posi-
tive maximum to the negative maximum. Repeating the
above processes again and again, the system undergoes
oscillations similar to Bloch oscillations, see Fig. 4 (a)
and (b).
However, the oscillations under strong inter-spin cou-
pling are very different from the ones in a WS system
or a uncoupled WZ system. In a WS system or a un-
coupled WZ system, the acceleration keeps its direction
unchanged and so that the quasi-momentum jumps from
the negative maximum to the positive maximum (or vice
versa), see Fig. 4 (c). Under strong inter-spin coupling,
the acceleration changes its direction in the spin inver-
sion process. Thus the quasi-momentum may have no
jumps if the Brillouin zone boundary is not crossed be-
fore the acceleration changes its direction, see Fig. 4 (d)
and Fig. 5. In addition, the oscillation period may be
different from the Bloch period for the uncoupled WZ
system. If the oscillation does not pass through the anti-
crossing region, the oscillation period is just the Bloch
period. Otherwise, if the oscillation passes through the
anti-crossing region, due to the symmetry of our coupled
WZ system, the oscillation period can be approximately
estimated as four times of t1 given by Eq. (39).
To explore whether the spin dynamics is adiabatic,
we analyze the population dynamics of the local dressed
states (29). Similar to the conventional LZ problem of
a spin-half particle, the adiabaticity of our WZ system
may be examined by whether the time-evolution follows
the local eigenstates (i.e. the local dressed states). That
is to say, the WZ system undergoes adiabatic spin evolu-
tion if its spin degrees of freedom follow the local dressed
states (29). As the passage through the spatial anti-
crossing is driven by Bloch oscillations, we call the dy-
namics in such an adiabatic LZ process as adiabatic BLZ
dynamics.
We have numerically calculated the mean position of
the whole wave-packet,
〈j〉 =
∑
j
P (j, t)j, (43)
and the mean positions of two dressed components,
〈j±〉 =
∑
j
Pj,±(t)j. (44)
Here P (j, t) = Pj,↑(t) + Pj,↓(t) = Pj,+(t) + Pj,−(t) and
Pj,±(t) = |〈j,±|ϕ(t)〉|2. Our numerical results show
j
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FIG. 6: (Color online) Time-evolution of the mean positions
and the dressed-state populations. Top: the mean positions of
the whole wave-packet and the mean positions of two dressed
components. Bottom: the adiabatic dynamics of dressed-
state populations. The parameters are chosen as the same
ones for Fig. 4 (b).
the mean position of the whole wave-packet (black solid
line) almost fully overlaps with the mean position of the
dressed-‘+’ component (blue dashed line), see Fig. 6.
Furthermore, we also calculate the populations in the
two dressed components P±(t) =
∑
j Pj,±(t) and find
that they keep as their initial values unchanged.
According to the analytical formula (42), as the pa-
rameters ~Ω = 0.2 Er, Fmf d = 0.01 Er and ~v1 =
−0.0026 dEr , the transition probability for the first inter-
spin LZ transition is approximately equal to 5.604×10−6,
which is well consistent with the numerical estimation.
Such a small transition probability means that the inter-
nal spin degrees of freedom adiabatically follow the local
dressed states.
2. Non-Adiabatic dynamics
If the inter-spin coupling is not sufficiently strong, the
gap between the spatial anti-crossing is not large enough
for accomplishing complete spin inversion. In the context
of the dressed state basis, the dressed-state populations
P±(t) change between each other when the system goes
through the spatial anti-crossing. That is to say, by using
the non-adiabatic LZ tunneling, the spatial anti-crossing
plays the role of a beam splitter dependent on the inter-
spin coupling strength.
To understand the spin dynamics under non-strong
inter-spin coupling, we simulate the time evolution of
a spin-up wave-packet center around j0 = 45 and ana-
lyze the dynamics of spin distribution, see Fig. 7. Ob-
viously, such an initial wave-packet satisfies the condi-
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FIG. 7: (Color online) Spin dynamics under non-strong inter-
spin coupling. Top: The spatial dynamics of the spin-up com-
ponent (a) and the spin-down component (b). Bottom: The
quasi-momentum dynamics of the spin-up component (c) and
the spin-down component (d). The parameters are chosen as
∆ = −0.15Er , Fmf d = 0.01Er , ~Ω = 0.04Er and j0 = 45.
tion 0 < j0d < Dpi for the BLZ dynamics. In the right
region (0 < jd < Dpi), the wave-packet firstly under-
goes Bloch oscillation towards the anti-crossing region.
In the anti-crossing region, the spin-up component par-
tially changes into the spin-down component. Away from
the anti-crossing region, due to the large gap, the spin-
up wave-packet and the spin-down one almost undergo
independent Bloch oscillations. According to Eq. (33),
the two spin components have opposite acceleration di-
rections. This is confirmed by the time evolution in
quasi-momentum space, the spin-up component moves
toward the negative direction while the spin-down com-
ponent moves toward the positive direction. Although
the spin inversion process does not change the instan-
taneous group velocity, due to the spin-dependent force,
the group velocity of the spin-down component gradually
becomes different from the one of the spin-up component.
Naturally, at the same time, the spin-up wave-packet and
the spin-down one gradually separate in the spatial space.
For the spin-up wave-packet, the direction of its group ve-
locity changes when it hits the boundary of first Brillouin
zone, and then it moves back to the anti-crossing region.
Thus, partial spin inversion and beam splitting occurs
again.
One can also understand the non-adiabatic dynamics
in the dressed-state picture. In Fig. 8, we show the time
evolution of the dressed-state populations. In the right
region far from the anti-crossing region, there is almost
no population transfer two dressed states. Actually, due
to large gap in this region, the time-evolution follows
the local dressed-‘+’ states. In the anti-crossing region,
because the upper V -shape and the lower Λ-shape en-
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FIG. 8: (Color online) Non-adiabatic dynamics of dressed-
state populations under non-strong inter-spin coupling. The
solid lines are populations obtained via numerical calculation.
The black dashed line is the population given by the analytical
formula (42) and (45). The parameters are the same as ones
used in Fig. 7.
ergy ladders are so close, non-adiabatic LZ tunneling be-
tween the two energy ladders appears. Therefore, the
population transfer from the dressed-‘+’ states to the
dressed-‘-’ states takes place. According to the ana-
lytical formula (42), as the parameters ~Ω = 0.04 Er,
Fmf d = 0.01 Er and ~v1 = −0.0026 dEr, the transi-
tion probability for the first inter-spin LZ transition is
approximately equal to P ′− = 0.617, which is well con-
sistent with the numerical result P− = 0.602. The small
relative difference, ǫ =
∣∣P− − P ′−∣∣ /P− = 2.5%, may be
caused by the truncation of Taylor expansion in the an-
alytical derivation.
After the first LZ transition, the wave-packet moves
in the left region (−Dpi < jd < 0) and the population
transfer between the two dressed states are then sup-
pressed by the large gap. Therefore the dressed-state
populations remain unchanged until the second LZ tran-
sition happens and the wave-packet in dressed-‘-’ states
can be approximately regarded as a wave-packet in spin-
up state. In this case, the second LZ transition, which is
caused by the return of the spin-up component (dressed-
‘-’ state component) to the anti-crossing region, occurs at
time t2 = TB− t1. Similar to the analytical formula (42),
one can obtain the transition probability from dressed-
‘-’ states to dressed-‘+’ states P2,−→+ in the second LZ
transition. Combining the first and second LZ transi-
tions, the probability of the particle in dressed-‘-’ states
right after the second LZ transition is given by the se-
quential LZ formula
P
′
− = P1,+→− (1− P2,−→+) = 0.236, (45)
which is very close to the numerical result P− = 0.234.
The relative difference between the analytical and nu-
merical results is ǫ = 0.9%. The deduction of the rel-
ative difference may be caused by the counteraction of
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truncation errors for the two LZ transitions.
V. CONCLUSION AND DISCUSSION
In summary, we have explored the dynamics of single-
particle WZ system with inter-spin coupling. Different
from the inter-band LZ tunneling in WS systems, in our
WZ system, we explore the novel inter-spin LZ transi-
tions driven by intrinsic intra-band Bloch oscillations,
which is called the BLZ dynamics. If the inter-spin cou-
pling is absent, the wave-packet recovers the conventional
Bloch oscillations in the WS systems. Under strong inter-
spin couplings, the spin dynamics adiabatically follows
the local dressed states and the wave-packet undergoes
joint Bloch-like oscillations of the two spin components.
Under non-strong inter-spin coupling, the inter-spin cou-
pling plays the role of a beam splitter in the spatial anti-
crossing region and the two spin components undergo
separate Bloch oscillations in the regions away from the
spatial anti-crossing.
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FIG. 9: (Color online) Validity of the single-band tight-
binding approximation. Top: the dynamics in the original
Hamiltonian (1) with V0 = 1.8Er, ~Ω = 0.04Er , Fmf d =
0.01Er . Bottom: the dynamics in the corresponding single-
band tight-binding Hamiltonian (2).
In this article, we concentrate on the short-time dy-
namics in single-particle WZ systems with inter-spin cou-
pling. However, in long-time dynamics, there may appear
sequential inter-spin LZ transitions driven by intrinsic
intra-band Bloch oscillations. The sequential inter-spin
LZ transitions in long-time dynamics can be regarded
as a spatial counterpart for Landau-Zener-Stu¨ckelberg
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FIG. 10: (Color online) Breakdown of the single-band tight-
binding approximation. Top: the dynamics of the original
Hamiltonian (1) with V0 = 1.8Er , ~Ω = 0.04Er , Fmf d =
0.01Er. Bottom: the dynamics of the corresponding single-
band tight-binding Hamiltonian (2).
interferences in two-level system under periodic driving
fields [39, 40], in which the intrinsic intra-band Bloch
oscillations take the role of the periodic driving fields.
By introducing inter-spin coupling into the optical lat-
tices with gradient magnetic field, our WZ system can
be realized by current technology [30–32]. As the spin-
dependent tunneling can be induced by the gradient mag-
netic field, our single-particle results would be helpful
for understanding the spin-orbit coupling effects in one-
dimensional quantum lattice systems [30].
In addition, the spin-dependent force and the inter-
spin coupling in our WZ system are time-independent.
More recently, it has been proposed that artificial spin-
orbit coupling can be emulated by applying a periodic
gradient magnetic field to a WZ system [41]. Further
more, by applying periodic gradient magnetic field and
time-dependent inter-spin coupling, it is possible to sim-
ulate quantum walks and Dirac dynamics [29]. The time-
modulation of the WZ system is an interesting topic de-
served further study.
In the end, we would like to discuss briefly the validity
of the single-band tight-binding Hamiltonian. To show
the validity of the single-band tight-binding Hamiltonian,
we simulate the time evolution of the original Hamilto-
nian (1) (view [42] for the spectral methods) and the
corresponding single-band tight-binding Hamiltonian (2)
under same conditions. In our above calculations, as the
optical lattice potential is sufficiently deep, the dynam-
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ics of the original Hamiltonian (1) and the corresponding
single-band tight-binding Hamiltonian (2) almost have no
difference, see Fig. 9. This means that inter-band tun-
neling can be ignored and the single-band tight-binding
approximation works very well. If the lattice depth is not
large enough, the difference between dynamics of the two
Hamiltonians is very significant, see Fig. 10. In the orig-
inal Hamiltonian (1), there appears significant tunneling
from the first band to the second band, see the top panel
of Fig. 10. Therefore, the inter-band LZ transitions and
the inter-spin LZ transitions coexist and the single-band
tight-binding approximation becomes invlaid.
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Appendix A: Derivation of the single-band
tight-binding Hamiltonian
In this appendix, we show how to derive the single-
band tight-binding Hamiltonian (2).
The wavefunctions of the system (1) can be written
as ψ =
∑
s ϕs(z)χ(s), where ϕs(z) describe the external
spatial states and χ(s) denotes the internal spin states.
In the σˆz-representation,
χ(↑) =
(
1
0
)
, χ(↓) =
(
0
1
)
. (A1)
It is obvious that χ†(s′)χ(s) = δs′s. According to Bloch’s
theorem [43], the eigenequation of Hˆ0 reads as
Hˆ0ϕn,q,s(z)χ(s) = εn,qϕn,q,s(z)χ(s), (A2)
where the eigenfunctions ϕn,q,s(z), the so-called Bloch
functions, are in form of
ϕn,q,s(z) = e
iqzun,q(z). (A3)
Here, un,q(z) is a periodic function with the period d, the
band index n and the quasi-momentum q, and the first
Brillouin zone is given as |q| ≤ 2π/d. In addition, the
Bloch functions satisfy with the orthogonality conditions,∫
ϕ∗n′,q′,s(z)ϕn,q,s(z)dz = δn′nδq′q. (A4)
To clearly show the particle hopping between different
lattice sites, one may alternatively choose another set of
basis called Wannier functions. The Bloch functions can
be expanded in terms of the Wannier functions by the
following transformation,
ϕn,q,s (z) =
1√
L
∑
j
eiqRjφn,s (z −Rj), (A5)
where, Rj = jd, L is the total lattice number, and the
Wannier function φn,s (z −Rj) centers in the j-th lattice
site. One can also obtain the Wannier functions from the
Bloch functions via the inverse transformation,
φn,s (z −Rj) = 1√
L
∑
q
e−iqRjϕn,q,s (z) . (A6)
Denoting the spin-dependent Wannier basis as |n, j, s〉,
we have φn,s(z − Rj)χ(s) = 〈z, s | n, j, s〉, σˆz |n, j, s〉 =
sgn(s) |n, j, s〉, and σˆx |n, j, s〉 = |n, j,−s〉, in which we
define
sgn(s) =
{
+1 for s =↑,
−1 for s =↓, and − s =
{
↑ for s =↓,
↓ for s =↑ .
Therefore, the matrix elements of the whole Hamiltonian
are given as,
〈m, k, s′| Hˆ |n, j, s〉 = 〈m, k, s′| Hˆ0 |n, j, s〉+ 〈m, k, s′| Hˆt |n, j, s〉+ 〈m, k, s′| Hˆc |n, j, s〉 , (A7)
with the first term
〈m, k, s′| Hˆ0 |n, j, s〉 = δs′,s
∫
φ∗m,s′ (z −Rk) h0φn,s (z −Rj) dz = δs′,s
1
L
∑
q′,q
eiq
′Rke−iqRj
∫
ϕ∗m,q′,s′ (z)h0ϕn,q,s (z) dz
= δs′,sδm,n
1
L
∑
q
eiq(Rk−Rj)εn,q,
(A8)
the second term
〈m, k, s′| Hˆt |n, j, s〉 = sgn(s)δs′,s
∫
φ∗m,s′ (z −Rk)Fmf zφn,s (z −Rj) dz
= sgn(s)δs′,s
Fmf
L
∑
q′,q
eiq
′Rke−iqRj
∫
ϕ∗m,q′,s′ (z) zϕn,q,s (z) dz
= sgn(s)δs′,s
Fmf
L
∑
q
eiq(Rk−Rj)
∫
u∗m,q (z) i
d
dq
un,q (z) dz + sgn(s)δs′,sFmfRjδm,nδj,k,
(A9)
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and the last term
〈m, k, s′| Hˆc |n, j, s〉 = δs′,−s
∫
φ∗m,s′ (z −Rk)
~Ω
2
φn,−s (z −Rj) dz
= δs′,−s
~Ω
2
1
L
∑
q′,q
eiq
′Rke−iqRj
∫
ϕ∗m,q′,s′ (z)ϕn,q,−s (z) dz =
~Ω
2
δs′,−sδm,nδk,j .
(A10)
Thus the Hamiltonian can be expressed as,
Hˆ =
∑
n,〈j,k〉,s
tnj,k |n, j, s〉 〈n, k, s|+ Fmf d
∑
n,j,s
jσˆz |n, j, s〉 〈n, j, s|+ ~Ω
2
∑
n,j
(|n, j, ↓〉 〈n, j, ↑|+ h.c.)
+
∑
〈m,n〉,〈j,k〉,s
Mm,kn,j σˆz |m, k, s〉 〈n, j, s|,
(A11)
in which, the on-site energy tnj,j and the intra-band hopping strengths t
n
j,k (j 6= k) read as
tnj,k =
1
L
∑
q
eiq(Rk−Rj)εn,q, (A12)
and the inter-band tunneling strengths Mm,kn,j are given by
Mm,kn,j =
Fmf
L
∑
q
eiq(Rk−Rj)
∫
u∗m,q (z) i
d
dq
un,q (z) dz. (A13)
According to Zener’s formulae [6, 17], the escaping rate
of a particle from one energy band into its next energy
band reads
γ =
Fmf d
2π~
e
−
md∆E2n
4~2Fmf , (A14)
where ∆En is the gap between n-th and (n+ 1)-th energy
bands. According to the escaping rate formula (A14),
if Fmf is very small or ∆En is very large, we have the
escaping rate γ → 0. Under these assumptions, we obtain
the single-band Hamiltonian
Hˆ = Fmf dσˆz
∑
n,j,s
j |n, j, s〉 〈n, j, s|
+
∑
〈j,k〉,s
tnj,k |n, j, s〉 〈n, k, s|
+
~Ω
2
∑
j
(|n, j, ↑〉 〈n, j, ↓|+ h.c.) , (A15)
for the n-th energy band. If tnj,j+1 ≫ tnj,k for |j − k| ≥ 2,
i.e., the long-range hopping is much smaller than the
nearest neighbor hopping, one can use the tight-binding
approximation.
For the lowest band, denoting |n = 1, j, s〉 ≡ |j, s〉, we
have the following tight-binding Hamiltonian,
Hˆ = Fmf dσˆz
∑
j,s
j |j, s〉 〈j, s|+ ε
∑
j,s
|j, s〉 〈j, s|
+∆
∑
j,s
(|j, s〉 〈j + 1, s|+ h.c.)
+
~Ω
2
∑
j
(|j, ↑〉 〈j, ↓|+ h.c.) . (A16)
Here, the on-site energy ε = tn=1j,j and the hopping
strength ∆ = tn=1j,j+1 are independent of the lattice site
number j.
